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 Investment decisions involve the allocation of resources in the 

present with the expectation of gaining future returns, but they 

are inherently accompanied by unavoidable risks. These risks 

need to be managed through the construction of an optimal 

portfolio. The main issue examined in this study is the limitation 

of the Mean-Variance approach in addressing downside risk, 

which is particularly relevant under unstable market conditions. 

Therefore, an alternative approach, Mean-Semivariance, is 

integrated with the Lagrange method to obtain a more effective 

portfolio optimization solution. This study aims to construct a 

mathematical model for an optimal portfolio that explicitly 

accounts for downside risk. The model is formulated through an 

objective function and a system of constraints solved using the 

Lagrange multiplier method. The results indicate that the Mean-

Semivariance approach yields more conservative portfolio 

weights compared to the Mean-Variance approach. Risk 

evaluation using Value at Risk (VaR) and Conditional Value at 

Risk (CVaR) shows that the portfolio optimized through the 

Mean-Semivariance approach provides better protection against 

extreme loss potential. Thus, this approach can be relied upon 

as a more responsive portfolio optimization strategy toward 

negative risk under volatile market dynamics. 

 

 

 

INTRODUCTION 

Investing is a complex and important decision for individuals, companies, and financial 

institutions. This involves committing to a certain amount of funds or other resources at this time, in 

the hope of making a profit or return in the future. However, every investment decision also has risks 

that investors must face. These risks can come from various factors such as market fluctuations, 

changes in economic policies, or unexpected global events. (Tandelilin, 2010). 

One of the commonly used strategies for managing risk in investments is to form an 

investment portfolio. A portfolio is a combination of two or more assets that an investor chooses to 

allocate over a certain period of time, with the aim of achieving the desired level of return with 

acceptable risk. Establishing a good and optimal portfolio is the key to success in achieving 

investment goals. (Maruddani, 2019). 

In the context of portfolio formation, investors always strive to minimize the risks associated 

with investing, while still obtaining optimal returns. In the capital market, efficient stock selection is 

very important. Efficient stocks are stocks that provide maximum returns at a certain level of risk or 

minimum risk at a certain level of return. Therefore, efficient stock selection is a key element in the 

process of building an effective portfolio. (Markowitz, 2009). 
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A commonly used approach in portfolio formation is the Mean-Variance approach, which was 

introduced by Harry Markowitz in 1952. This approach assumes that investors are only concerned 

with the level of risk (variance or standard deviation) and the expected return from their portfolio. 

Although this approach provides a solid foundation in modern portfolio theory, some weaknesses 

have been identified. One of the main drawbacks of the Mean-Variance approach is its inability to 

effectively handle negative risks. Negative risks, such as high price volatility or large losses, can have 

a significant impact on portfolio performance and investment decisions. To overcome this 

shortcoming, an alternative approach was developed, namely Mean Semivariance. (Tandelilin, 2010). 

In addition, the integration of the Lagrange Method has been proposed as a powerful 

optimization tool in solving the problem of portfolio formation. By including constraint constraints 

in the form of Lagrange constraints, it is possible to find the optimal solution to optimization 

problems. Integration of the Lagrange Method with the alternative approach of Mean Variance. Like 

the research conducted by the State, et al. (2021) which examined the Markowtiz Mean Variance 

Model using the Lagrange Method, other research related to this problem was also conducted by Dai, 

Z., & Kang, J. (2022), Kumar, R. R., Stauvermann, P. J., & Smiths, A. (2022), Anugrahayu, M., & 

Azmi, U. (2023), and Muthohiroh, U (2021). 

However, although there have been proposals to integrate the Lagrange Method with the Mean 

Variance approach, there is still a significant need for further research in terms of a deeper 

understanding of the effectiveness of these approaches in the formation of an optimal investment 

portfolio using the development of the Mean Variance, i.e. using the Mean Semivariance. Therefore, 

this study aims to explore the potential of integrating the Lagrange Method with the Mean 

Semivariance approach in forming an optimal investment portfolio.   

Thus, this research is expected to make a significant contribution to the practical and 

theoretical understanding of the formation of an effective and efficient investment portfolio. The 

results of this study are expected to provide valuable guidance for investors, investment managers, 

and financial decision-makers in better managing their investment portfolios. 

The purpose of writing this thesis is to Integrate the Lagrange Method with the Mean 

Semivariance approach in the formation of investment portfolios. Analyze the optimal portfolio 

results of the integration of the Lagrange Method with the Mean Semivariance approach in the 

formation of investment portfolios. Analyze Var in each of these approaches. The benefits of this 

research are: Adding insight and knowledge about research for authors and readers in the integration 

of the Lagrange Method with the Mean Semivariance approach in the formation of investment 

portfolios. As a scientific reference as well as for further research. As a reference for investors in 

making investment decisions. 

 

METHOD 

This thesis research was carried out from January to June 2025, using literature study methods 

and computer laboratories. Literature studies are conducted by gathering sources from relevant books, 

journals, and scientific papers to determine the best combination of methods in portfolio optimization. 

After a literature review, data processing was carried out using Microsoft Excel and Python, focusing 

on secondary historical closing price data on the shares of Bank Rakyat Indonesia (BBRI), Bank 

Central Asia (BBCA), and Bank Mandiri (BMRI) in USD, for a period of 1 year from March 13, 

2024 to March 10, 2025. The research process begins with converting closing price data into return 

data, followed by normality tests and calculations of correlation coefficients between stocks. Then, 
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the average return, variance, covariance, and standard deviation for each stock are calculated. The 

Lagrange method is used to determine the optimal portfolio weight with both the Mean-Variance and 

Mean-Semivariance approaches. Furthermore, portfolio performance is evaluated and return value 

simulation is carried out to see the behavior of the portfolio in various scenarios. The maximum loss 

estimate is calculated by measuring the VaR at a 95% confidence level, repeated to reflect variations 

in different VaR values, before finally determining the Expected Shortfall value with the appropriate 

formula. The planned research schedule includes all the necessary steps within six months, from 

literature study to thesis hearings, which are detailed in the schedule of activities table. The research 

flow is also presented in a diagram to provide a clear picture of the process being carried out. 

 

RESULTS  

Development of Mathematical Models and Integration of the Lagrange Method 

This study uses the Lagrange Method to optimize the formation of investment portfolios by 

considering two risk approaches, namely Mean-Variance and Mean-Semivariance. Mean-Variance 

considers the overall fluctuations of an asset's returns, both upward and downward, while Mean-

Semivariance focuses only on downside risk or negative fluctuations in returns. The portfolio 

optimization method aims to find the optimal weight of each asset in the portfolio so that a 

combination that provides maximum returns with minimal risk is obtained. The Lagrange method is 

used to ensure that optimization still meets certain constraints, such as the portfolio's target return and 

the total investment weight that must be worth one. 

 

Mean-Variance Model with the Lagrange Method 

The Mean-Variance approach is based on the Markowitz (1952) portfolio optimization model, 

which aims to minimize the total risk measured by the variance of portfolio returns. The objective 

function of this model is to minimize the variance of the portfolio, which is given by the equation: 

min ∑ ∑ 𝑥𝑖𝑥𝜎𝑖𝑗

𝑛

𝑗=1

𝑛

𝑖=1

 

information: 

x_i : proportion of funds invested in shares i 

x_j : the proportion of funds invested in J shares 

σ_ij: Covariance between stock returns I and J 

With the following constraint/limiter functions: 

Optimization is carried out with the constraint that the expected return of the portfolio must 

be the same as the target return r_0 which is written as: 

𝜙1(𝑥) = ∑ 𝑟𝑖𝑥𝑖 = 𝑟0
𝑛
𝑖=1 ,                𝑟𝑚𝑖𝑛 ≤ 𝑟0 ≤ 𝑟𝑚𝑎𝑥     

information: 

r_i : Expected Return of Shares I 

x_i : proportion of funds invested in shares i 

n : total number of shares in the portfolio 

r_0: the target return that the portfolio wants to achieve 

In addition, the total investment weight must be worth one, namely: 

𝜙2(𝑥) = ∑ 𝑥𝑖 = 1

𝑛

𝑖=1
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𝑥𝑖 ≥ 0, 𝑖 = 1,2, … , 𝑛 

information: 

x_i : proportion of funds invested in shares i 

n : total number of shares in the portfolio 

To complete this optimization the Lagrange Method is used, by defining the auxiliary 

functions as follows: 

𝐺(𝑥) = 𝐹(𝑥) + 𝜆1𝜙1(𝑥) + 𝜆2𝜙2(𝑥) 

𝑮(𝒙) = ∑ ∑ 𝒙𝒊𝒙𝒋 𝝈𝒊𝒋

𝒏

𝒋=𝟏

𝒏

𝒊=𝟏

− 𝝀𝟏 (∑ 𝒓𝒊𝒙𝒊

𝒏

𝒊=𝟏

− 𝒓𝟎) − 𝝀𝟐 (∑ 𝒙𝒊

𝒏

𝒊=𝟏

− 𝟏) 
 

IV.1 

Since we're going to minimize the Lagrange function, we take a partial derivative of each 

variable 𝑥𝑘 

𝝏

𝝏𝒙𝒌
= ∑ 𝒙𝒋𝝈𝒌𝒋

𝒏

𝒋=𝟏

+ ∑ 𝒙𝒊𝝈𝒊𝒌

𝒏

𝒊=𝟏

− 𝝀𝟏𝒓𝒌 − 𝝀𝟐  = 𝟎 
 

IV.2 

Because then: 𝜎𝑖𝑗 = 𝜎𝑗𝑖 , 

𝜕

𝜕𝑥𝑘
= 2 ∑ 𝑥𝑗𝜎𝑘𝑗

𝑛

𝑗=1

− 𝜆1𝑟𝑘 − 𝜆2  = 0 
 

IV.3 

The results of the partial derivative are: 

2 ∑ 𝑥𝑗𝜎𝑘𝑗
𝑛
𝑗=1 − 𝜆1𝑟𝑘 − 𝜆2  = 0 to                          𝑘 =

1, … , 𝑛 

IV.4 

information: 

G(x) : new destination function  

F(x) : Original Purpose Function  

φ_1 (x) and φ_2 (x) : constraint functions associated with variable x 

r_k : Expected return of K shares 

λ_1 and λ_2 : Lagrange multiplier 

σ_kj : Covariance between K and J stock returns 

The 1V.4 equation can be converted into the form of a matrix as follows: 

 

Define matrix symbols  

Suppose: 

Suppose: 

𝑥 = [𝑥1, 𝑥2 , … , 𝑥𝑛 ]𝑇 is the vector of the weight of the stock 

𝑟 = [𝑟1, 𝑟2 , … , 𝑟𝑛 ]𝑇 is the expected return  vector 

∑ =  [𝜎𝑘𝑗   ] ∈ ℝ𝑛𝑥𝑛 is the matrix of covariance between stocks 

 

Partial derived matrix 

The result of the system derived from Lagrange becomes: 

2∑ 𝑥 = 𝜆1𝑟 + 𝜆21  

                         

IV.5 



Novita Koes Wardani, Farikhin, Titi Udjiani S.R.R.M 

IJSSR Page 685 

with 1 = [1, 1, . . . , 1]𝑇 ∈  ℝ𝑛 

The constraint/limiting function of Lagrange is as follows: 

𝑟𝑇𝑥 = 𝑟0 

1𝑇𝑥 = 1 

 

The complete matrix system combination is as follows 

[
2∑ −𝑟 −1

𝑟𝑇 0 0
1𝑇 0 0

] [

𝑥
𝜆1

𝜆2

] = [
0
𝑟0

1
] 

 

Mean-Semivariance Model  with the Lagrange Method 

The Mean-Semivariance approach  focuses more on downside risk, i.e. only considering 

negative deviations from  the average return. The semivariance function is given as follows: 

min
1

𝑇
∑ {[∑  

𝑛

𝑖=1

(𝑟𝑖𝑡 − 𝑟𝑖)𝑥𝑖]

−

}

2𝑇

𝑖=1

 

information: 

𝑇 : the number of historical time periods used for estimation 

𝑟𝑖𝑡: return of assets in time period t𝑖 

𝑟𝑖 :  the average return of the asset over that period of time𝑖 

With the following constraint/limiter functions: 

Optimization is carried out with the constraint that  the  expected return of the portfolio must 

be equal to the target return 𝑟0 written as: 

𝜙1(𝑥) = ∑ 𝑟𝑖𝑥𝑖 = 𝑟0
𝑛
𝑖=1 ,                𝑟𝑚𝑖𝑛 ≤ 𝑟0 ≤ 𝑟𝑚𝑎𝑥     

information: 

𝑟𝑖 :  Expected return of the stock 𝑖 

𝑥𝑖 : the proportion of funds invested in stocks 𝑖 

𝑛 : the total number of shares in the portfolio 

𝑟0:  the target return that the portfolio wants to achieve 

In addition, the total investment weight must be worth one, namely: 

𝜙2(𝑥) = ∑ 𝑥𝑖 = 1

𝑛

𝑖=1

 

information: 

𝑥𝑖 : the proportion of funds invested in stocks 𝑖 

𝑛 : the total number of shares in the portfolio 

To complete this optimization the Lagrange Method is used, by defining the auxiliary 

functions as follows: 

𝐺(𝑥) = 𝐹(𝑥) + 𝜆1𝜙1(𝑥) + 𝜆2𝜙2(𝑥) 

𝑮(𝒙) =
𝟏

𝑻
∑ {[∑  

𝒏

𝒊=𝟏

(𝒓𝒊𝒕 − 𝒓𝒊)𝒙𝒊]}

𝟐

− 𝝀𝟏 (∑ 𝒓𝒊

𝒏

𝒊=𝟏

𝒙𝒊 − 𝒓𝟎)

𝑻

𝒕=𝟏

− 𝝀𝟐 (∑ 𝒙𝒊

𝒏

𝒊=𝟏

− 𝟏) 

 

IV.6 

To obtain the optimal solution, we will look for a partial derivative of each variable 𝑥𝑗 
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𝝏

𝝏𝒙𝒋
=

𝟐

𝑻
 ∑ (∑(𝒓𝒊𝒕 − 𝒓𝒊)

𝒏

𝒊=𝟏

𝒙𝒊)

𝑻

𝒕=𝟏

(𝒓𝒋𝒕 − 𝒓𝒋) − 𝝀𝟏𝒓𝒋 − 𝝀𝟐 

 

IV.7 

The results of the partial derivative are: 
2

𝑇
 ∑ (∑ (𝑟𝑖𝑡 − 𝑟𝑖)

𝑛
𝑖=1 𝑥𝑖)𝑇

𝑡=1 (𝑟𝑗𝑡 − 𝑟𝑗) = 𝜆1𝑟𝑗 + 𝜆2 to                          𝑗 =

1,2, … , 𝑛 

IV.8 

information: 

𝐺(𝑥)                    : New Purpose Function  

𝐹(𝑥)                    : Original Purpose Function  

𝜙1(𝑥) and 𝜙2(𝑥) : the constraint function associated with the variable 𝑥 

𝜆1 and : Lagrange multiplier𝜆2 

𝑟𝑖𝑡                         : return of shares in time period t𝑖 

𝑟𝑗𝑡           : Return of shares in time period t𝑗 

It can be converted into the form of a matrix as follows: 

Define matrix symbols  

Suppose: 

𝑅 ∈ ℝ𝑛xT is the stock return matrix, with 𝑅𝑖,𝑡 = 𝑟𝑖𝑡 

𝑟̅ ∈ ℝ𝑛 is the vector of the average  return of the stock, 𝑟̅𝑖 =
1

𝑇
∑ 𝑟𝑖𝑡

𝑇
𝑡=1  

𝑅̃𝑖,𝑡 = 𝑟𝑖𝑡 − 𝑟̅𝑖 is  the return that has been reduced to the average 

𝑅̃ ∈ ℝ𝑛xT is a centered return matrix  

∑ =  
1

𝑇
𝑅̃𝑅̃𝑇 is the matrix of covariances  

𝑥 = [𝑥1, 𝑥2 , … , 𝑥𝑛 ]𝑇 is the vector of the weight of the stock 

𝑟 = [𝑟1, 𝑟2 , … , 𝑟𝑛 ]𝑇 is the expected return vector  (the average of each line 𝑅 

Partial derived matrix 

The result of the system derived from Lagrange becomes: 

2∑ 𝑥 = 𝜆1𝑟 + 𝜆21  

with 1 = [1, 1, . . . , 1]𝑇 ∈  ℝ𝑛 

The constraint/limiting function of Lagrange is as follows: 

𝑟𝑇𝑥 = 𝑟0  

1𝑇𝑥 = 1  

The complete matrix system combination is as follows 

[
2∑ −𝑟 −1

𝑟𝑇 0 0
1𝑇 0 0

] [

𝑥
𝜆1

𝜆2

] = [
0
𝑟0

1
] 

 

Data Collection 

In this study, the data used is secondary data in the form of the daily closing price of shares 

from three banking issuers in Indonesia, namely Bank Rakyat Indonesia (BBRI), Bank Central Asia 

(BBCA), and Bank Mandiri (BMRI). This data is taken from Yahoo Finance, which is one of the 

most trusted sources for global financial information, including stock prices, trading volumes, and 

other market indicators. 

The data period used in this study is March 13, 2024 to March 10, 2025. This time range is 

chosen to cover stock price movements within one year, so that it can provide a more representative 
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picture of the return patterns and volatility of stocks that will be used in portfolio optimization 

analysis. The data is summarized in Appendix 1, for example for some of the data is shown in Table 

1  below: 

 

 

 

Table 1. Closing Data of BBRI, BBCA, and BMRI Stock Prices 

Date BBRI BBCA BMRI 

13/03/2024 6.400 10.000 7.275 

14/03/2024 6.150 10.325 7.400 

15/03/2024 5.975 10.150 7.400 

18/03/2024 6.000 10.150 7.175 

19/03/2024 6.000 10.175 7.275 

20/03/2024 6.100 10.125 7.050 

21/03/2024 6.100 10.125 7.050 

22/03/2024 6.125 10.100 7.050 

25/03/2024 6.250 10.075 7.250 

… … … … 

05/03/2025 3.840 9.000 4.860 

06/03/2025 3.950 8.975 4.870 

07/03/2025 3.810 8.925 4.840 

10/03/2025 3.760 8.925 4.710 

 

In this study, only closing price data is used, because this price reflects the final value of the 

transaction that has occurred in the market on that day. 

 

Data Processing 

Once the stock price data is collected and validated, the next step is to process the raw data 

into a form that can be further analyzed. In the context of portfolio optimization, the calculation is 

based on stock returns, not direct stock prices. Therefore, the first stage in data processing is to convert 

daily stock prices into daily returns. Daily return is a measure of the level of profit or loss of an asset 

from day to day, which is obtained by comparing the closing price of a stock on a given day with the 

closing price of the previous day. 

 

Daily Return Calculation and Normality Test 

Stock return is a measure of the change in the price of an asset from one period to the next. In 

this study, stock returns were calculated using logarithmic returns, which are more commonly used 

in financial analysis because they have additive properties over a longer period of time. 

The daily return for each stock is calculated using equation II.5 as follows: 

𝑅𝑡 = 𝑙𝑛 (
𝑃𝑡

𝑃𝑡−1  
) 

with as 𝑃(𝑡𝑖) the stock price for a t_i period and is the price of the asset in the previous period 

by 𝑃(𝑡𝑖−1)𝑖 = 1,2,3, … , 𝑛. 

The daily return shows the percentage change in the stock price from one day to the next, 

which is a key indicator in risk measurement and portfolio optimization calculations. For example, if 

the closing price of BBRI shares on day t is IDR 6,400, and on the previous day (t-1) it is IDR 6,150, 

then the daily return is calculated as follows: 
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𝑅𝑡 = 𝑙𝑛 (
𝑃𝑡

𝑃𝑡−1  
) 

𝑅1 = 𝑙𝑛 (
𝑃1

𝑃1−1  
) 

𝑅1 = 𝑙𝑛 (
6.150

6.400  
) 

𝑅1 = −0,0390625 or 3,91% 

This return shows that BBRI's share price decreased by 3.91% on that day. The same 

calculation is also carried out for BBCA and BMRI shares every day, so that daily returns are obtained 

for all stocks in the dataset. 

The calculation was applied to the closing price data of BBRI, BBCA, and BMRI shares using 

the help of a python application program to generate a daily return dataset, with syntax entered as 

follows: 

 
Figure 2. Syntax of Stock Return Calculation 

 

The results of the transformation of data from stock price to stock return can be presented in 

the following Table 2: 

 

Table 2. Results of Calculation of BBCA, BBCA, and BMRI Stock Returns. 

𝒕 
Return 

BBRI BBCA BMRI 

1 -3,91% 3,25% 1,72% 

2 -2,89% -1,71% 0,00% 

3 0,42% 0,00% -3,09% 

… …. … … 

231 0,00% 0,57% -1,23% 

232 4,53% 1,68% 0,41% 

233 2,82% -0,28% 0,21% 

234 -3,61% -0,56% -0,62% 

235 -1,32% 0,00% -2,72% 

 

Each column in the table shows the daily returns of each stock in the period analyzed. The 

complete data of the results of the daily return calculation is summarized in Appendix 2.  

One of the important assumptions in portfolio optimization analysis is that stock returns are 

distributed normally. The normal distribution is a key assumption in the Markowitz Mean-Variance 
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model, as it allows the calculation of expected returns and risks with a simpler statistical approach. 

Therefore, before conducting further analysis, testing is needed to ensure whether the stock return 

data used in this study follows a normal distribution. 

In this study, the Kolmogorov-Smirnov Test (K-S Test) was used to test the normality of stock 

return data from BBRI, BBCA, and BMRI. If the test results show that the returns are not normally 

distributed, then alternative approaches can be considered, such as data transformation or the use of 

robust statistical methods that do not rely on assumptions of normality. The Kolmogorov-Smirnov 

test is a non-parametric statistical method used to determine whether a sample belongs to a particular 

distribution. In the context of this study, this test will be used to test hypotheses: 

H_(0): Normal distributed stock returns. 

H_(1): Stock returns are not normally distributed. 

If the resulting p-value is greater than 0.05, then there is not enough evidence to disprove H_0, 

which means the stock's returns can be considered normally distributed. Conversely, if the p-value is 

less than 0.05, then the null hypothesis is rejected and the stock return is considered not to be normally 

distributed. 

The Normality Test in this study uses the help of a python application program with syntax 

entered as follows: 

 
Figure 3. Normality Test Syntax 

The output of the normality test results is summarized in Table 4.3 below. 

 

Table 3. Normality Test Results of BBRI, BBCA, and BMRI Shares 

Stock KS Statistic p-value Hypothetical Decision 

BBRI 0.0575 0.4041 Unsubtracted (Normal)𝐻0 

BBCA 0.0739 0.1465 Unsubtracted (Normal)𝐻0 

BMRI 0.0624 0.3066 Unsubtracted (Normal)𝐻0 

Based on the results of the K-S test, it was found that for all three stocks tested, the p-value 

was greater than 0.05, which means that there is not enough evidence to reject the zero hypothesis. 

Thus, it can be concluded that the returns of BBRI, BBCA, and BMRI shares can be considered to be 

normally distributed in the period analyzed. 

 

Calculation of Statistical Parameters 

After ensuring that the stock's returns are distributed normally, the next step is to calculate the 

key statistical parameters that will be used in the portfolio optimization analysis. These statistical 

parameters include average returns, variances, standard deviations, covariances, and correlations 

between stocks, which play an important role in understanding the risks and relationships between 

assets in a portfolio. Average return is used to measure the expected profit of each stock. Variance 

and standard deviation are used to measure the total risk of each stock. Covariance describes the 

relationship between the returns of two stocks, whether they are moving in the opposite direction 

(positive) or in the opposite direction (negative). The correlation coefficient measures how strong the 
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relationship between stock returns is, with values ranging from -1 to 1, where -1 means a perfect 

negative correlation, 1 means a perfect positive correlation, and 0 means no linear relationship 

between stocks. 

This calculation is important in portfolio optimization, as the relationships between stocks in 

the portfolio affect risk diversification and optimal portfolio formation. Statistical parameters are 

calculated using the help of a python application program with the following syntax entered: 

 
Figure 4. Statistical Parameter Calculation Syntax 

The average return is calculated using equation II.2: 

𝑟𝑖 = 𝐸[𝑅𝑖] =
1

𝑇
∑ 𝑟𝑖𝑡

𝑛

𝑖=1

 

Using the help of the python application program, the results of calculating the average return 

are obtained as follows: 

Table 4. Expected Return Calculation Results 

Stock BBRI BBCA BMRI 

Average Return  Value -0.2019% -0.0361% -0.1606% 

These results show that in the period analyzed, all three stocks had negative return 

expectations, although the value of the decline was small. 

The variance of the return is calculated by the equation: 

𝜎𝑖
2 = 𝑣(𝑅𝑖) = 𝐸[(𝑅𝑖 − 𝐸[𝑅𝑖])2] = 𝐸[(𝑅𝑖 − 𝑟𝑖)2 

Using the help of a python application program, the results of the variance return calculation 

are obtained as follows: 

Table 5. Return Variance Calculation Results 

Stock BBRI BBCA BMRI 

Variansi Return 0.000485 0.000248 0.000484 

The standard deviation return is obtained by the equation: 

𝜎 = √𝜎2 

Using the help of the python application program, the results of the standard deviation return 

calculation are obtained as follows: 

Table 6. Results of Standard Deviation Return Calculation 

Stock BBRI BBCA BMRI 

Standard Deviation 

Return 

2.20% 1.58% 2.20% 

The standard deviation shows that BBRI and BMRI shares have higher volatility than BBCA, 

which means that BBRI and BMRI share prices are more volatile in this analysis period. 

The covariance between two shares X and Y is calculated by the equation: 
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𝜎𝑖𝑗 =
1

𝑇
∑(𝑟𝑖𝑡 − 𝑟𝑖)(𝑟𝑗𝑡 − 𝑟𝑗)

𝑛

𝑖=1

 

Using the help of the python application program, the results of the calculation of the 

covariance matrix between stocks were obtained as follows: 

Table 7. Covariance Matrix Calculation Results 

Stock BBRI BBCA BMRI 

BBRI 0.000485 0.000159 0.000289 

BBCA 0.000159 0.000248 0.000200 

BMRI 0.000289 0.000200 0.000484 

A positive covariance value indicates that all three stocks tend to move in unidirection, albeit 

with different intensities. 

The correlation coefficient between two shares of X and Y is calculated by the following 

equation: 

𝜌𝑋𝑌 =
𝜎𝑋𝑌

𝜎𝑋𝜎𝑌
 

Using the help of the python application program, the results of the calculation of the 

correlation matrix between stocks were obtained as follows: 

Table 8. Results of the Correlation Matrix Calculation 

Stock BBRI BBCA BMRI 

BBRI 1.000 0.457 0.596 

BBCA 0.457 1.000 0.576 

BMRI 0.596 0.576 1.000 

From the table, it can be seen that the correlation between BBRI and BBCA is 0.457 which 

indicates a moderate positive correlation. BBRI and BMRI of 0.596 which indicates a strong positive 

correlation. BBCA and BMRI of 0.576 which indicates a strong positive correlation. 

Since there is no correlation close to 1, it means that there is still an opportunity for risk 

diversification in the portfolio. 

 

Portfolio Optimization with the Lagrange Method 

After calculating key statistical parameters such as average return, variance, standard 

deviation, covariance, and correlation between stocks, the next stage is to determine the optimal 

weight of each stock in the portfolio using the Lagrange Method. 

Portfolio optimization is carried out with two approaches, namely mean-variance and mean-

semivariance. Mean-Variance optimizes the portfolio by minimizing total risk based on the variance 

of stock returns, while mean-semivariance optimizes the portfolio by minimizing downside risk, i.e. 

only considering negative return fluctuations. The Lagrange method is used to find the optimal weight 

of stocks in the portfolio by considering the constraints of the target return and the total investment 

weight. 

The optimal weight of the Mean-Variance portfolio is calculated using the model that has been 

constructed in subchapter IV.1, with the help of a python application program with syntax entered as 

follows: 
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Figure 5. Syntax of Calculation of Optimal Weights of Mean-Variance Portfolios 

The results of the optimal weight of the Mean Variance portfolio are as follows: 

Table 9. Results of the Calculation of the Optimal Weight of the Mean-Variance Portfolio 

Stock BBRI BBCA BMRI 

Bobot Optimal (%) 43.47% 36.70% 19.83% 

Based on these results, it can be seen that to achieve the target return of 0.1% per day with 

minimal risk, investors should allocate 43.47% of their investment in BBRI, 36.70% in BBCA, and 

19.83% in BMRI. 

The optimal weight of the Mean-Semivariance protofolio is calculated using the model that 

has been constructed in subchapter IV.1, with the help of a python application program with the 

following syntax inserted: 

 
Figure 6. Syntax of Calculation of the Optimal Weight of the Mean-Semivariance Portfolio 

The results of the optimal weights of the Mean-Semivariance portfolio are as follows 

Table 10. Results of the Calculation of the Optimal Weights of the Mean-Semivariance Portfolio 
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Stock BBRI BBCA BMRI 

Bobot Optimal (%) 47,40% 38,00% 14,60% 

Based on these results, it can be seen that considering downside risks, the optimal portfolio 

should have a larger investment allocation to BBRI and BBCA, as well as a smaller allocation to 

BMRI compared to the Mean-Variance approach. 

From the results of these two approaches, it can be seen that in the Mean-Semivariance 

approach, the allocation of funds is greater to BBRI and BBCA than to the Mean-Variance approach. 

This is due to the fact that the downside risk of BMRI is greater, so the optimization reduces its weight 

to minimize the impact of negative volatility. 

 

Evaluation of Portfolio Risk and Performance 

After determining the optimal weight of the portfolio using the Lagrange Method, the next 

step is to evaluate the risk level of the portfolio and analyze the maximum potential losses that can 

occur. In this study, risk evaluation was carried out with an approach called Value at Risk (VaR) and 

Expected Shortfall (Conditional VaR). Value at Risk (VaR) is used to measure the maximum potential 

loss in a given period with a certain level of confidence, while Expected Shortfall (Conditional VaR) 

is used to estimate the average loss if the portfolio has a loss greater than the value of the VaR. This 

evaluation is important because it provides additional insight into how much potential loss the optimal 

portfolio has been calculated beforehand, so that investors can consider whether the level of risk 

generated is in line with risk tolerance. 

The calculation uses the help of a python application program with the following syntax 

inputs: 

 
Figure 6. Var and CVaR calculations 

The results of the calculation of Value at Risk (VaR) and Expected Shortfall (CVaR) for the 

optimal Mean-Variance and Semi-Variance portfolios are as follows: 

Table 11. Results of Value at Risk (Var) and Expected Shortfall (CVaR) Calculations from Mean-

Variance and Mean-Semivariance Portfolios 

 VaR (95%) VaR (99%) CVaR (95%) CVaR (99%) 

Mean-Variance -2,72% -3,84% 3,41% 4,40% 

Mean-Semivariance -2.72% -3.85% 3.41% 4.41% 
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The results of the calculation of the Value at Risk (VaR) of the optimal portfolio Mean-

Variance show that with a confidence level of 95%, the optimal portfolio has a maximum probability 

of losing of 2.72% in a single trading day. In other words, there is a 5% chance that the losses will be 

greater than that number. Meanwhile, for a 99% confidence level, the maximum potential loss 

increases to 3.84%, which means there is only a 1% chance that the actual loss will exceed this limit. 

Because VaR only provides the lower limit of losses in extreme scenarios, an Expected 

Shortfall (CVaR) calculation is carried out which takes into account the average loss when exceeding 

the VaR. The results of the calculation of CVaR 95% show that if the loss exceeds the 95% VaR 

limit, the average loss incurred is 3.41%. As for the 99% CVaR, the average loss in the worst-case 

scenario increases to 4.40%. 

From these results, it can be concluded that CVaR is always greater than VaR, which indicates 

that when the market is experiencing high volatility and the portfolio is in a losing condition. The 

level of loss is greater than the limit predicted by the VaR. Therefore, CVaR is a more conservative 

measure of risk and better at describing the potential downside of an optimal portfolio. 

Meanwhile, the results of the Value at Risk (VaR) calculation for the optimal Mean-

Semivariance portfolio show that with a 95% confidence level, portfolios optimized with the Mean-

Semivariance approach have a maximum probability of losing a maximum of 2.72% in a single 

trading day. This means that there is a 5% chance that the losses will be greater than that number. 

For a higher confidence level, which is 99%, the maximum potential loss increases to 3.85%, 

which means there is only a 1% chance that the actual loss will exceed this limit. 

Since VaR only provides a lower limit of losses in extreme scenarios, an Expected Shortfall 

(CVaR) calculation is performed to measure the average loss that occurs if the portfolio declines 

outside the VaR limit. The calculation results show that if the loss exceeds the 95% VaR, the average 

loss incurred is 3.41%. As for the 99% CVaR, the average loss in the worst-case scenario increased 

to 4.41%. 

In general, the VaR and CVaR results for Mean-Semivariance show very similar values to 

Mean-Variance, but have a slight increase in downside risk values, indicating that the Mean-

Semivariance approach is more conservative in managing stock price downside risk. 

 

CONCLUSION 

Based on the results of the analysis that has been carried out, it can be concluded that the 

mathematical model of portfolio optimization was successfully constructed through the integration 

of the Lagrange method with the Mean-Variance and Mean-Semivariance approaches. In the Mean-

Variance approach, risk is measured based on the overall variance of the asset's return, while in the 

Mean-Semivariance approach, risk is focused on the negative deviation of return, i.e. downside risk. 

This approach is then formulated in the form of objective functions and constraint systems that are 

solved by the Lagrange multiplier method. The optimization results show that the Mean-Semivariance 

approach results in a more conservative portfolio weight, i.e. by lowering the proportion of 

investments in assets that have a higher downside risk. In contrast, the Mean-Variance approach 

results in a more proportionate weight of the portfolio, taking into account the overall total risk of 

each asset. The results of the analysis show that the portfolio resulting from the integration of this 

method has a competitive return compared to the Mean-Variance approach. In addition, lower 

downside risk indicates that investors are better protected from significant losses. This model is 

mathematically able to efficiently allocate investment weight to assets with low risk characteristics 
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but have the potential to generate positive returns. Furthermore, the portfolio risk evaluation was 

carried out by calculating the Value at Risk (VaR) and Expected Shortfall (CVaR) at 95% and 99% 

confidence levels. The results of the evaluation showed that the portfolio optimized with the Mean-

Semivariance approach had slightly higher VaR and CVaR values compared to the Mean-Variance 

approach. These results show that the Mean-Semivariance approach is better able to anticipate the 

risk of large losses, thus providing a safer solution in volatile market conditions.  
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